ON THE VARIATION OF THE RANK OF JACOBIAN 
VARIETIES ON UNRAMIFIED ABELIAN TOWERS 
OVER NUMBER FIELDS 

AMILCAR PACHECO 

Abstract. Let C be a smooth projective curve defined over a number field 
k, X/k(C) a smooth projective curve of positive genus, Jx the Jacobian va- 
riety of X and (r, B) the fc(C)/fc-trace of Jx- We estimate how the rank of 
Jx(k(C))/rB(k) varies when we take an unramificd abelian cover ?r : C" — * C 
defined over k. 



1. Introduction 

Let C be a smooth projective curve defined over a number field k, K = k(C) its 
function field and A an abelian variety defined over K. Let (r, B) be the A/fc-trace 
of A and k an algebraic closure of k. A theorem of Neron and Lang states that 
both groups A(K)/rB(k) and A(k{C)) / TB(k) are finitely generated. In this paper 
we will consider the rank of these two groups in the case where A is the Jacobian 
variety Jx of a smooth projective curve X defined over A of genus gx > 1. 

Let gc be the genus of C, $j x the conductor divisor of Jx and fj x its degree. 
Ogg proves in |12l VI, p. 19] the following geometric upper bound 

(1.1) rank ( ^P ) < ^x(2g c - 2) + /./ x + 4dim(£). 

(See also ^2 Theorem 2]). In the case where X = E is an elliptic curve, (|l.l(l 
reduces to 

(1.2) rank(£;(fc(C))) < 4 5c - 4 + / s , 

which is a result due to Shioda |171 Corollary 2]. 

The goal of this paper is to study the variation of the rank of Jx{K)/rB(k) 
under an unramified abelian covering it : C — > C defined over k generalizing a 
result of Silverman Theorem 13] proved in the case where X was an elliptic 
curve. 

Let X be a model of X, i.e., X is a smooth projective surface defined over k 
and X is the generic fiber of the proper flat morphism (j> : X — > C also defined 
over k of relative dimension 1. Let K' = k(C), X' = X x c C, <£' : X' -> C the 
morphism obtained from cj> by extending the base C to C via ir. Its generic fiber 
X' is isomorphic to I" xk K', so the Jacobian variety Jx' of X' is isomorphic to 
Jx X-k K' ■ As a consequence the genus gx> of A' equals gx- Observe that since 
the extension K' jK is geometric the AT/fc-trace (r, -B) of Jx is /c-isomorphic to the 
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if'/fc-trace of Jx>- Let $j x , be the conductor divisor of Jx> and fj — deg($j x ,). 
The geometric bound applied to C gives 

(1.3) rank(^g)) < raiik ( J ^gg' )} ) < 2g x (2 9c > -2) + fj x , +Adhn(B)- 

In order to state our main theorem we recall Tate's conjecture for smooth pro- 
jective surfaces X defined over a number field k. Let I be a perfect field and I an 
algebraic closure of I. For each algebraic variety y defined over I we denote by 
H l (y) its i-th etale cohomology group H\ t (y Xi I, Qe). 

Let Ok be the ring of integers of k and p a prime ideal of Ok- Let Frobp £ Gk 
be a Frobenius automorphism corresponding to p and I p C Gk the inertia group of 
p (well defined up to conjugation). Define the L- function 

L 2 (X/k, s) = JJ det(l - Frobp q p s \ H 2 {X) I ' f )~ x . 
p 

Let Pic(.Y) be the Picard group of*, V\c°{X) the sub group of divisors algebraically 
equivalent to zero, NS(A') = Pic(<Y)/Pic°(A') the Neron-Severi group of X and 
NS(X/k) the subgroup of divisor classes of NS(Af) which are defined over k. The 
group NS(^) is finitely generated, hence the same holds for NS(X/k). 

Conjecture 1.1. (Tate's conjecture, [201 Conjecture 2]) L,2(X/k,s) has a pole at 
s = 2 of order rank(NS(<Y/fc)). 

Remark 1.2. (1) This is a special case of Tate's conjecture which concerns 
algebraic varieties and algebraic cycles. 
(2) We do not need to use the hypothesis of the existence of a meromorphic con- 
tinuation of L 2 (X /k, s) to 3?(s) = 2 interpreting the sentence "Li{X /k, s) 
has a pole of order t in s — 2" meaning 

lim (s - 2) t L 2 (X/k, s) = B^ 0. 

SR(s)>2,s^2 

Moreover, if /(s) is a holomorphic function in 3f(s) > A and lim s ^A(s — 
A )/( s ) — & 7^ 0, we will call the residue of the function f(s) in s — A and 
we will write Res s= x(/(s)) = a. 

Let G k = Ga\(k/k), A = Au%((7'/C) the subgroup of the group Aut r (C") of 
^-automorphisms of C' which fixes the points of C and Do k (A) the set of Gfe-orbits 
of A 

Theorem 1.3. Suppose Tate's conjecture is true for X' jk. Then 

In the case where X = E is an elliptic curve, l|1.4|l is indeed refined to |19l 
Theorem 1] 

(1.5) rank^'^')) < ^f^ ^ 90 ' ~ 4 + 

In particular, (|1.4(l (resp. jjl.50 ) will only give an improvement of (|l.l|l (resp. I|1.2|l l 
if the action of Gk on A is non trivial. 

This improvement actually happens in at least two instances. First when C — C' 
is an elliptic curve and 7r is equal to the multiplication by an integer n > 1 map in 
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C, then A is the subgroup of rt-torsion points C[n] of C. A theorem of Serre ^3] 
states that this action is highly non-trivial as n grows. We also consider the case in 
which C is the pullback of C under the multiplication by n map in the Jacobian 
variety Jc of C and tt is the corresponding unramified abelian covering. In this 
case A is the subgroup of n-torsion points Jc[n] of Jc- Under the hypothesis that 
k is sufficiently large, Serre |14j extended the previous result from elliptic curves 
to abelian varieties. As a consequence, the action of Gk on Jc[Vi] is also highly 
non-trivial as n grows. 

In § 2 we describe the connection between Tate's conjecture and the generalized 
analytic Nagao's conjecture. In § 3 we use Deligne's equidistribution theorem to give 
an upper bound for the absolute value |2l p (A?)| of the average trace of Frobenius in 
terms of the degree of the conductor 3j x . We also show that the conductor behaves 
well with respect to finite unramified base extensions. In § 4 we obtain auxiliary 
results through counting rational points. In § 5 we prove Theorem 11.31 In § 6 we 
give applications analyzing the variation of the rank in special unramified abelian 
towers over number fields. In these special cases, we show that the rank will grow 
more slowly along the tower than the geometric bound l|1.4|l . 



2. Tate's conjecture and the generalized Nagao's conjecture 

Given a prime ideal p of Ok and an algebraic variety y defined over k, we will 
denote by its reduction modulo p. Given an algebraic variety y defined over a 
perfect field I, let H l c (y) be its i-th cohomology group H l c (y x;7, Qi) with compact 
support. 

Let S be a finite set of prime ideals of Ok (which will be enlarged as needed). 
First we assume that for every p ^ S, X p (resp. C p ) is a smooth projective surface 
(resp. curve) over the residue field F p of p of cardinality q p and that the reduction 
4>p '■ Xp — y Cp °f 4> modulo p is a proper flat morphism of relative dimension 1 
defined over F p . 

For each z € Cp(F p ), let X PyZ = <f>p l {z) be the fiber of tfip at z. Let F p be the 
topological generator of Gal(F p /F p ). Denote also by F p its induced automorphism 
on H 1 (X PtZ ) (resp. H*(X PlZ )). Let A = {z E C\<j)- l (z) is not smooth} be the 
discriminant locus of 4>. After discarding a finite number of prime ideals p of Ok, 
we may assume that for every p ^ S the discriminant locus A p of P is equal to 
reduction modulo p of A. 

For every z G (Cp — A P )(F P ), let a p (X PtZ ) = Tr(F p \ H l {X PtZ )) and for every 
z £ A p (F p ) let a p (X P:Z ) = Tr(F p | H^(Xp iZ ). The average trace of Frobenius is 
defined by 

%(*) = - E a p(Xp,*)- 

Qt3 

Let a p (B) = Tr(Frob p \ H 1 (B) 1 *). By base change (cf. US] or Appendix 
C]) this number equals T^r(F p \ H 1 ^^). The reduced average trace of Frobenius is 
defined by 



%l(X)=%(X)-a p {B). 
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Theorem 2.1. Theoreme 1.3] Tate's Conjecture imvlies the generalized 
analytic Nagao 's conjecture: 

Res ( V -%;(X)^A = rank ( ^TTv) ■ 

3. Equidistribution theorem and the conductor 

Remark 3.1. It follows from Weil's theorem (the Riemann hypothesis for curves 
over finite fields) that for every z 6 (C p — A p )(F p ) all eigenvalues of F p acting on 
H 1 (X pz ) have absolute value g p ^ 2 , thus a p (X pz ) — 0(<7^ 2 ). For z £ A p (F p ) it is 
a result due to Deligne 0] Theoreme 3.3.1] that all the eigenvalues of F p acting 
on H^(X p>z ) have absolute value at most q\j 2 , so once again a p (X PtZ ) — 0{$ 2 ). 

1 /2 _____ 

As a consequence, %(X) = 0{q p > ). Theorem ITU uses Deligne's equidistribution 
theorem and local monodromy to improve this estimate (cf. Theoreme 3.5.3] or 
(3.6.3)]). A similar improvement in the case where X is an elliptic curve was 
obtained by Silverman |19l Theorem 6] . 

Let Z be a smooth projective curve defined over a perfect field I of characteristic 
p > 0, C — l(Z) its function field and A be an abelian variety C. Let I ^ p be 
a prime number, A[l] the subgroup of ^-torsion points of A, Ti{A) the £-adic Tate 
module of A and Vi{A) = Tg(A) Q^. Let C s be a separable closure of C. For 
every place v of C denote by C Gal(£ s /£) the inertia subgroup corresponding 
to v (which is well defined up to conjugation). 

Definition 3.2. The multiplicity of the conductor $a of A at v is equal to a sum 
of two numbers, the tame part e„ of $a at v and the wild part S v of in v. The 
first number is defined as e v = codim(V^ (A) Iv ), where V^(A) /u denotes the set of 
elements fixed by the action of /„. If N(A) V denotes the Neron model of A over 
Spec(O^) and J\f(A)® is the connected component of the special fiber Af(A) v of 
N(A) V , let u v (resp. r v ) be the unipotent (resp. reducible) rank of A/"(A)°, then 
e v u v -\- 1r v . 

The second number is defined as follows. Let k v be the residue field of v and 
l v /k v a finite Galois extension such that Gi v — Gal(7„/^) acts trivially on A[£}. 
Let G v = Gal(l v /k v ), so A[£] can be regarded as a G^-module. Let P v be a 
projective TLg [G^J-module whose character is the Swan character of G v . Then 
5 V := dimF J ,(Homz f [G„](^ , ui ^KD) (cf- |12l §1]). This is a non-negative integer 
and is in fact independent from the choice of l v . 

Suppose p i S. Let U p := C p -K p ,_T p = i? 1 (/ P )*Qf and Hj(U p x Fp F p , ^ p ) wt <° 
the part of weight < of H^(U p x Fp F p , T p ) (which is mixed of weight < 1). Let rj 
be the geometric generic point of U p Xf p F p and X p the generic fiber of / p . Then 
by proper base change {F p )^ H\X p ) S ff^Pic^Xp)) S Vi(Pic°(A p )) v . 

Lemma 3.3. 

HU&p Xi f F P) ^ ^ mh) 1 * and 

z£A p (W p ) 

codim{Hl{U p x Fp F p ,^p)^°) < 2g x (2g c - 2) + ^ e z . 

zeA p (¥ p ) 
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Proof. The first statement follows from [HI Lemme 4.1] replacing T by T p , U p by 
Up and P 1 by C p . For the second statement it follows from the first isomorphism 
that 

dim(H 1 c (U p x ¥p ¥ p ,Tr t ^)= dim((Ve(Pic°(X p )) v ) J <=) 

zeAp(Fp) 

= E ( 2 9x,-*c). 

Since 

dim(Hl(U p x ¥p ¥ p ,T p )) = 2g^(2g dp -2+sj. p ) = 2 5;fp (2 ff(5p -2) + £ (2^), 

zeAp(F p ) 

where sj~ denotes #supp(3v~ ), we conclude that 

Xp v Xp 

codim(H^(U p x Fp F p ,^) wt ^°) 

zeAp(Fp) 2 £Ap(Fp) 

= 2<7*„(2<fc p -2) + E e - 

zGAp(Fp) 

The lemma now follows from observing that the curve C' p obtained from C by 
reducing it modulo p has also genus gc- Furthermore, enlarging the set S, if 
necessary, we may assume that for every p (£_ S the generic fiber X p of <p p equals 
the reduction of X modulo p. In particular, its genus equals gx- O 

Theorem 3.4. 

\%{X)\ < 2g x (2g c - 2) + fj x + 0(q p 1/2 ). 

Proof. By the previous choice of the set S we assume that for every p ^ S the 
generic fiber X p of 4> p equals the reduction of X modulo p. As a consequence, the 
conductor of the Jacobian variety of X p equals the reduction of $j x modulo p. 
Hence, it has degree fj x and s Jx — #supp(3j x ) = sj x . 
Let 

#(C P -A P )(¥ P ) ze{dp _ Ap){fp) 
Deligne's equidistribution theorem (0J Theoreme 3.5.3] or 7 (3.6.3)]) states 
(3-2) <2g x (2g c ~2 + Sjx ) + 0(q p 1/2 ). 

By Lemma f3. 31 and the Grothendieck-Lefschetz formula, (|3.2|) is refined as 
\%(X)\<2g x (2g c -2)+ ]T e z +0(q p 1/2 ) 

z6Ap(Fp) 

(3-3) < 2g x (2g c - 2) + £(e„ + S v ) deg(v) + 0(q p 1/2 ) 

V 

= 2g x (2gc-2) + fj Xp +0(q p - 1/2 ) 1 
where v runs through the places of F p (C'p ) . But by our choice of p we have fj x = 
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By [1 Theoreme 3.3.1] 



(3.4) 



1 



£ a p (X p , z ) = 0(q p 1/2 ). 

:GA P (F P ) 



Let a p (C) = Tr(Frob p | H^C) 1 ") = Tr(F p \ H\C P )). By Weil's theorem 

#C p (¥ p ) = q p + l-a p (C). 



Observe that 



%(X) 



1 

Op 



zG (C p -A p )(F p ) 



(3.5) 



< 



|a p (C)-l + #A p (F p )| 
g p #(C p -A p )(F p ) 

|a p (C)-l + #A p (F p )| 



z e(C- p -A p )(F p ) 



&™ 0( i/ 2) 



0(1). 



The theorem now follows from l|3.3|) . I|3.4|l and (|3.5ll . 

The conductor behaves well with respect to finite unramified base extensions. 



□ 



Proposition 3.5. (Cf. [191 Proposition 8]) Suppose it : C — > C is unramified (not 
necessarily abelian). Then 

(1) 3j xI =k*$j x . 

(2) LetlCc, resp. fCc'> be the canonical divisor of C , resp. C , these conductors 
are related by JCc' = 7r*/Cc- 

(3) In particular, 

(3.6) 2g c > ~ 2 + fj x , = \A\(2g c - 2 + fj x ). 

Proof. Let v' be a place of K' lying over a place v of K via 7r. Since 7r is un- 
ramified and k v //k v is separable (because these fields are number fields), then 
by |3| Chapter 7, Theorem 1, p. 176] the morphism N(Jx X-k K v ) XgpecfO^) 
Spec(O t) ') — > N(Jx> Xk' K' v i) of Neron models is an isomorphism. In particular, at 
the level of the connected components of the special fibers, we have an isomorphism 
N(Jx Xk K v )° x Spoc ( feij ) Spec(£v) — > Af(Jx> x K , K' v ,)°. Therefore the tame parts 
e„' (resp. e„) of (resp. SVx) aTi v ' (resp. u) are equal. Furthermore, since for 
every place v of K (resp. v' of K') the residue field k v (resp. k v i) is a number field, 
then the extension K (Jx[£])/K (resp. K' (Jx'[P\) / K') is tame. Hence, neither $j x 
nor $j x , have any wild part at v (resp. w'). In particular, &j x , = ti"*(5j x )- Item 
(2) follows from 5, Proposition IV. 2. 3] and (3) follows from (1) and (2) and [SJ IV, 
1.3.3]. □ 

4. Counting points 

Lemma 4.1. Let p S and if p : C' p — > C' p be the reduction of tt modulo p, 
z' G C" p (¥ p ) and z = n p (z') G C* p (F p ). Then a p (X p ' z ,) = a p (X p . z ). 

Proof. It suffices to note that the residue field extension k z > /k z is finite and that 



X> 



— Xn 



{ s P ec(k„) Spec(fe 2 /). 



□ 
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Let B be a subgroup of A and Cb = C/B the intermediate curve C — > Cb — » C 
with Au%(C"/Cg) = £>. Since .4 is abelian, the cover Ce — > C is also Galois. Let 
L/k be a finite Galois extension sufficiently large so that all intermediate curves 
Cb are defined over L. If Gal(L/fc) acts on B, then Cb is also defined over k. 

After adding finitely many prime ideals to S 1 , we may also assume that for every 
p ^ S, Hp : Cp — > Cp is unramified abelian and A v = Autf^(C' p /C p ) is isomorphic 

to A. Let A p = Ant Wp (C' p /C p ). 

Proposition 4.2. |191 Proposition 11] Let a be a generator of Gal(F p /Fp) and 
B <Z A the subgroup defined by B — {o~(a) o a -1 ; a £ „4}. 

(1) T/ie group B is defined over¥ p , hence the curve Cb,p = CL/B is also defined 
over Fp . 

(2) The image of C p (¥ p ) in C p (F p ) coincides with the image o/Cb jP (F p ) in 

(3) For every z E C p (¥ p ) such that z — TTp(z') with z' E C*p(F p ) there exist 
exactly \A p \ points in C" p (¥ p ) lying over z. 

(4) For every z £ C p (F p ) such that z = ttb,p(zb) with zb £ Cg jP (F p ) there exist 
exactly (A : B) points o/Ce, P (F p ) lying over z. 

Let B be as in Proposition 14.21 Let 4>b '■ Xb —* Cb obtained from cf> by the 
extension Cb — > C of the base C, Xb/^Cb) the generic fiber of 0g and Jx B its 
Jacobian variety. We enlarge S even further so that the for every p ^ S, Xb,p 
and Cg iP are smooth and 4>B.p ■ %B.p ~~ > Ce.p is a proper flat morphism of relative 
dimension 1 defined over F p . Let Xb.p be the generic fiber of 4>b,p an d J Xt3 p its 
Jacobian variety. Furthermore, we also assume that for every p ^ S the conductor 
^ J x B °f ^x e P ^ s ec l ua l to the reduction modulo p of the conductor 5j X(3 of Jx B ■ 

Proposition 4.3. (Cf. ^3 Proposition 12]) 

\%{X')\ < l -^(2g x (2g c , - 2) + fj x ,) + 0(q p 1/2 ). 

Proof. Let B = {cr(a) o a -1 | a £ A} be the subgroup defined in Proposition 14.21 
To ease notations denote Cb — C" and Xb = X" . By Lemma f4. II applied to 7r p : 
Cp — > (7 P (resp. 7T p : (7 p — > Cp) we have a p (X p z ,) = a p (X p>z ) (resp. a p (A'p' 2 „) = 
a P for z' £ C p (F p ) (resp. z" £ Cp 7 (F p )) such that w p (z') = z £ Cp(F p ) (resp. 
^ p (z") = z £ C p (F p )). Thus, by Proposition IO 

qp 2ip(A")= X! a pKV) = i 1 pi E a pfc) 

^'ec;(F p ) ^e* p (c^(F p )) 
= |A p | ]T « P (^) = 7^4 E 
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It follows from the latter equality, Theorem 13 . 41 applied to X" and Proposition 13. 51 
applied to C" — » C that 



IV) I 



l> < v "' ^^(2. 9x (2 ff c"-2) + /. 7x „) + 0(g- 1/2 ) 



-|2l p (*")l < 



(A: B)' FV " " (.A: 6) 
J^l_(2 5x (2 5c , - 2) + /, x ,) + O^ 1 / 2 ) 



□ 



5. Proof of Theorem 11.31 
Proof. It follows from Theorem 12 . II that 



rank 



Jx(K') 
rB(k) 



= Res (r-MX^*) 



Note that 



\%{X')\ < \%{X')\ + \a p (B)\ < \%{X')\ + 2dim(B) g ; 



1/2 



So, by Proposition 14.31 



> <nik ( ^ffl ) < (2 3X (2. 9C - 2) + fj x ,) Res I £ 



loggp 



(5.1) 



1-4 <& 



O 



\ - log(g p 

.2.^ s-l 



/2 



The second series converges for 5R(s) > 1/2, thus the corresponding residue equals 0. 
The second series converges for -ft(s) > 3/2 and can be extended meromorphically 
to the whole plane with just a simple pole at s = 3/2. Hence, the latter residue 
also equals and so 



(5.2) 



rank 



rB(k) 



< 



(2g x (2g c -2)+fj xl )Res{j2 



\A\ q s p 



Moreover, if a S Gsl(L/k), then |A P | is the same for every p such that a is in the 
p-Frobenius conjugacy class (p,L/k) C Gal(Z/fc). More precisely, if a € (p,L/k), 
then |A p | = #{a £ A; a (a) = a}. Denote this number by h°(a, A). By (|5.2|) 

fJx(K>y 



(5.3) 



rank 
/ 

V 



< (2g x (2g c -2) + fr,)x 



E %^^s 
^ \A\ *=i 



logg P 



GGal(L/fc) 



E 



W(p,L/fc) 



By ^21 the latter residue is equal to [L ; k] = | Gal(L/fc)|. The result now follows 
from |191 Lemma 9]. □ 
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6. The rank in special towers 



In this paragraph we apply Theorem II. 31 to special towers. In the first case we 
assume that C is an elliptic curve defined over k, C = C and 7r is the multiplication 
map [n] : C — > C by an integer n > 1. In particular, A is the subgroup C[n] of 
n-torsion points of C. In the second case, we take C to be the pull-back of C by 
the multiplication by n-map [n] : Jc — > Jc, where Jc denotes the Jacobian variety 
of C . In particular, A is the subgroup JcM of n-torsion points of Jc- 

Theorem 6.1 (Serre, |13j). Let C/k be an elliptic curve defined over a number 
field k. There is an integer I (C/k) so that for every integer n > 1 the image of the 
representation pc,n - G k —> Aut(C[n]) = GL2(Z/nZ) has index at most I(C/k) in 
Aut(C[n]). 

Let A be an abelian variety defined over a number field k of dimension d > 1. 
For each prime number £, denote by Ti (A) the £-adic Tate module of A and by 
pe : G k -> Ant(T e (A)) S GL 2d {Z e ) the action of G k on T t {A). Let G k/ = p e (G k ) 
and p = UePe :G k^Ue G k ,e C Aut(T^(A)). 

Theorem 6.2 (Serre, |14j . |15j . jlfip. Suppose that k is large enough (depending 
on A). Then p(G k ) is an open subgroup ofY[gG k j. 

A similar argument to ^3] shows that Theorem l6.2l is equivalent to the following 
result. 

Theorem 6.3 (Serre). Ifk is large enough (depending on A), then exists an integer 
I(A/k) > 1 such that for every integer n > 1 the image of the representation 
PA,n '■ G k — > Aut(A[n]) = GL 2l i(Z£) has index at most I(A/k) in Aut(^4[n]). 

Theorem 6.4. Assume one of the two following situations holds: 

(a) C is an elliptic curve, C n — C' — C , it is equal to [n] : C — » C. 

(b) C n — G" is the pull-back of C by [n] : Jc — > Jc- 

Let X n be the pull-back of X by ir, K n = k(C n ) and X n the generic fiber of <p n : 
X n — > C n - Assume that Tate's conjecture is true for X n /k. Then (for each of the 
above cases): 

(1) For every integer n > 1: 



where d{n) denotes the number of positive divisors of n. 
(i-b) Lf k is large enough (depending on Jx), denoting by I(Jc/k) the con- 
stant of Theorem \6.S\ corresvondina to the Jacobian variety Jc of C , 
then 



is bounded as x — > oo. Thus the average rank of Jx(K n )/TB(k) is smaller 
than a fixed multiple of the logarithmic of its conductor. 



(i-a) 





(2) In both cases, the sum 
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(3) In both cases, there exists a constant n — n(k, C, Jx) (resp. n = n(k, Jc, 
Jx)) so that for sufficiently large n we have 

V TB(k) J - JJ *n 

In particular, for every e > we have 

where the implied constant depends on k, C (resp. Jc), Jx and e, but not 
on n. 

Proof. In the first case, by Theorem 16 . II and |191 Lemma 10], 

#D Gfc < I(C/k)#D Aut{c[n]) (C[n}) = 7(C/fc)#D GL2(z/ „ z) ((Z/nZ) 2 ). 

It follows from |191 Proposition 15] that 

#£ GMZ/llZ) ((Z/nZ) 2 ) = d(n). 

Hence (i-a) follows from Theorem 11.31 In the second case, we apply Theorem 16.31 
and ^0 Lemma 10] to obtain 

ffD Gk (J c [n}) < I(J C /k)#D Aut{Jc[n]) (J c [n}) 

= I(J c /k)#D GL2gc (z/nZ) ((Z/nZ) 2 ^ ). 

Again |191 Proposition 15] implies 

#0 GL23c(z/nZ) ((Z/nZ) 2 ^) = d(n). 

So (i-b) follows from Theorem 1 1.31 

By Proposition 13.51 in the first case (resp. in the second case), fj Xn = n 2 fj x 
(resp. fj Xn — n 2gc fj x ) and 2gc n — 2 = n 2gc (2gc — 2) in the second case. It follows 
from X, Theorem 3.3] that the function d(n) satisfies the following property 

d(n) ~ xlog(x). 

Thus, 

1 >— ^ d(n) 
x 4~ J ^og(n) 

2<n<x bv ; 

is bounded for all x > 2. Therefore, 

{Jx(K„ 



rank 



x^ x \og(f Jx J \rB(k) 
^ ~ E 1 ,\ f A f.i x d(n)I(C/k)) 



is also bounded (in the first case), as well as 



T lncrl' f 



rank 



f Jx(K n ) 

^ ~ E i 1 Li ^ 2 9x{2 9c - 2) + fj x )d(n)I(C/k)) 

X n<x l °S( n 9 hx) 

(in the second case). Whence (2) follows. 
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Finally, item (3) follows as in Theorem 16]. □ 

Remark 6.5. In the two types of unramified abelian towers considered in this 
paragraph, Theorem l6.4l f3) shows that the rank grows slower along the tower than 
the geometric bound. 

In Theorems 2.1] Michel computed (under the assumption of the validity 
of the standard conjectures) an upper bound for the average rank of a family of 
abelian varieties over Q. This bound depended (among other invariants) on the 
average logarithmic conductor. This type of problem is "horizontal" (fix the field 
and vary the abelian variety), whereas ours (eg. Theorem 16 . 41 ( 2 ) ) is "vertical" (fix 
the abelian variety and vary the field). 
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